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ON THE CARDINALITY OF HAUSDORFF SPACES AND H-CLOSED
SPACES
N.A. CARLSON AND J.R. PORTER
ABSTRACT. We introduce the cardinal invariant aL′(X) and show that |X| ≤
2aL
′(X)χ(X) for any Hausdorff space X (a corollary of Theorem 4.4). This
invariant has the properties a) aL′(X) = ℵ0 if X is H-closed, and b) aL(X) ≤
aL′(X) ≤ aLc(X). Theorem 4.4 then gives a new improvement of the well-
known Hausdorff bound 2L(X)χ(X) from which it follows that |X| ≤ 2ψc(X)
if X is H-closed (Dow/Porter [5]). The invariant aL′(X) is constructed using
convergent open ultrafilters and an operator c : P(X) → P(X) with the property
clA ⊆ c(A) ⊆ clθ(A) for all A ⊆ X . As a comparison with this open ultrafilter
approach, in §3 we additionally give a κ-filter variation of Hodel’s proof [10]
of the Dow-Porter result. Finally, for an infinite cardinal κ, in §5 we introduce
κwH-closed spaces, κH ′-closed spaces, and κH ′′-closed spaces. The first two
notions generalize the H-closed property. Key results in this connection are that
a) if κ is an infinite cardinal and X a κwH-closed space with a dense set of
isolated points such that χ(X) ≤ κ, then |X| ≤ 2κ, and b) if X is κH ′-closed
or κH ′′-closed then aL′(X) ≤ κ. This latter result relates these notions to the
invariant aL′(X) and the operator c.
1. INTRODUCTION.
A space X is H-closed if every open cover V of X has a finite subfamily W
such that X =
⋃
W∈W clW . In 1982 Dow and Porter [5] used H-closed extensions
of discrete spaces to demonstrate that |X| ≤ 2χ(X) (in fact, |X| ≤ 2ψc(X)) for
any H-closed space X. The technique was simplified in Porter [15], and in 2006
Hodel [10] gave a proof of the Dow-Porter result using κ-nets.
A natural general question is the following:
Question 1.1. Does there exists a strengthening of Arhangel′skiı˘’s cardinal in-
equality |X| ≤ 2L(X)χ(X) [2] for a general Hausdorff space X for which it follows
as a corollary that |X| ≤ 2χ(X) if X is H-closed?
This question was asked by Angelo Bella in personal communication with the
second author. Another way to ask this is, does there exists a property P of a
Hausdorff space X that a) generalizes both the H-closed property and the Lindelo¨f
property simultaneously, and b) |X| ≤ 2χ(X) for spaces X with property P?
As both H-closed spaces and Lindelo¨f spaces are almost-Lindelo¨f (that is, every
open cover has a countable subfamily whose closures cover), the property “almost-
Lindelo¨f” would seem to be a suitable candidate. However, in 1998 Bella and
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Yaschenko [4] showed that if κ is a non-measurable cardinal then there exists an
almost-Lindelo¨f, first-countable Hausdorff space X such that |X| > κ. Thus,
|X| ≤ 2χ(X) does not hold for all almost-Lindelo¨f Hausdorff spaces X. (It does,
however, hold if the space is additionally Urysohn [3]). In 1988, Bella and Cam-
maroto [3] gave the bound 2aLc(X)t(X)ψc(X) for the cardinality of a Hausdorff
space X, where aLc(X) is defined before Definition 2.6 below. As aLc(X) ≤
L(X), this suggests that “aLc(X) = ℵ0” might be the required property P. Yet
the Kateˇtov H-closed extension κω of the discrete space ω is an example of an
H-closed space for which aLc(X) = c > ℵ0, demonstrating that the property
aLc(X) = ℵ0 does not hold for all H-closed spaces.
In this study we construct a cardinal invariant aL′(X) such that a) |X| ≤
2aL
′(X)χ(X) for a Hausdorff space X (Theorem 4.4 gives a slightly stronger ver-
sion of this statement), b) aL(X) ≤ aL′(X) ≤ aLc(X) (Proposition 2.10), and c)
aL′(X) = ℵ0 if X is H-closed (follows from Corollary 3.5). Thus, the property
“aL′(X) = ℵ0” is the required property P above. Theorem 4.4 then gives a new
bound on the cardinality of a Hausdorff space that is strong enough to capture the
H-closed bound 2χ(X) given by Dow and Porter.
For an open set U in a space X, convergent open ultrafilters are used to define
a set Û (Definition 2.2) such that U ⊆ Û ⊆ clU . Using the set Û , we then
define an operator c : P(X) → P(X) that satisfies clA ⊆ c(A) ⊆ clθ(A) for
all A ⊆ X. Both Û and the function c have relationships to the Iliadis absolute
EX that are outlined in §2. After this set-up, the invariant aL′(X) is defined as in
Definition 2.6.
In Theorem 3.4, we give the following characterization of H-closed spaces,
which is of interest in its own right: a space X is H-closed if and only if for
every open cover V of X there exists W ∈ [V]<ω such that X =
⋃
W∈W Ŵ .
Given that Ŵ ⊆ clW for every open set W , this characterization is then a logi-
cally stronger property that the usual definition of the H-closed property. It follows
naturally to define a cardinal invariant L′(X) as the least infinite cardinal κ such
that if V is a cover of X then there exists W ∈ [V]≤κ such that X =
⋃
W∈W Ŵ
(Definition 3.1). Theorem 3.4 shows that L′(X) = ℵ0 if X is H-closed. We
demonstrate that L′(X) is hereditary on c-closed subsets (Proposition 3.2), from
which it follows that aL′(X) ≤ L′(X) ≤ L(X). Thus, given our main cardinality
bound for general Hausdorff spaces (Theorem 4.4), we see that the following is
a sufficient property of both Lindelo¨f and H-closed spaces X from which it fol-
lows that |X| ≤ 2χ(X): every open cover V has a countable subfamily W such
that X =
⋃
W∈W Ŵ (that is, L′(X) = ℵ0). As aL′(X) ≤ L′(X), another such
property (albeit weaker) is “aL′(X) = ℵ0”, as mentioned above.
In [10], Hodel gave a proof that |X| ≤ 2ψc(X) for H-closed spaces X using the
notion of a κ-net for a cardinal κ. This proof is different than previous proofs of
this result given by Dow and Porter, and also different than the approach taken in
Theorem 4.4 in this study. In §3 we use a filter characterization of H-closed spaces
given in Theorem 2.21 and the c-adherence of a filter to give another proof that the
cardinality of an H-closed space X is bounded by 2ψc(X). This particular method
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can be seen as a variation of the method used by Hodel [10] for nets. We present
two examples at the end of §3.
In §4 we give the proof of our main result, Theorem 4.4, after establishing pre-
liminary results in §2 − §4. The proof is fundamentally a standard closing-off
argument. We use a theorem of Hodel (re-stated in Theorem 4.3) that gives a set-
theoretic generalization of many such arguments. Typically the closure operator is
used in a closing-off argument, or occassionally the θ-closure operator. We use the
operator c referred to above.
In §5 we introduce two notions that generalize the H-closed property and a re-
lated third notion. The first is, for an infinite cardinal κ, the concept of a κwH-
closed space (Definition 5.5). This notion grows naturally out of recent work of
Osipov in [14]. In Proposition 5.6 we give this characterization of H-closed: X
is H-closed if an only if X is ℵ0wH-closed. A key result is Theorem 5.10, which
states that if κ is an infinite cardinal and X is a κwH-closed space with a dense
set of isolated points such that χ(X) ≤ κ, then |X| ≤ 2κ. The second notion
introduced in §5 is that of a κH ′-closed space (Definition 5.12). Proposition 5.13
demonstrates that X is H-closed if and only if X is ℵ0H ′-closed. After defining
z(X) = inf{κ ≥ ℵ0 : X is κH ′ − closed}, it is shown in Corollary 5.16(a)
that aL′(X)+ ≤ z(X), thereby relating the notion of κH ′-closed to concepts
defined in previous sections. It follows immediately |X| ≤ 2z(X)χ(X) for any
Hausdorff space X after applying Theorem 4.4. Finally, we introduce the prop-
erty of κH ′′-closed in Definition 5.17 and, for a space X, we define the cardinal
invariant z′(X) = inf{κ ≥ ℵ0 : X is κH′′–closed}. While it can be shown that
aL′(X) ≤ z′(X) and thus |X| ≤ 2z′(X)χ(X) for any Hausdorff space X (Corol-
lary 5.20), it is not guaranteed that a ℵ0H ′′-closed space is H-closed. In fact, any
countable space is ℵ0H ′′-closed.
All spaces are assumed to be Hausdorff. For all undefined notions see Engelk-
ing [6], Juha´sz [12], or Porter-Woods [17]. Hodel’s survey paper [10] also contains
thorough discussion of many cardinal invariants and cardinality bounds related to
those discussed in this study.
2. CONSTRUCTION OF THE CARDINAL FUNCTION aL′(X).
Given a Hausdorff space X and an open set U of X, define
0U = {U : U is a convergent open ultrafilter containing U}.
We recall the construction of the Iliadis absolute EX as the set of convergent open
ultrafilters on X with the topology generated by the basis {0U : U is open in X}.
(See [17], Chapter 6, for example). Under this topology EX is an extremally
disconnected, zero-dimensional, Tychonoff space. For each U ∈ EX, let k(U) be
the unique convergent point of U. We have the following basic facts concerning
EX and the map k : EX → X (see [17] 6.6(e)(5), 6.8(d,f) and [16] 1.2(b)). Recall
a subset A of a space X is an H-set if for every cover V of A by sets open in X
there exists W ∈ [V]<ω such that A ⊆
⋃
W∈W clW and a space X is Kateˇtov if X
has a coarser H-closed topology.
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Proposition 2.1. For a open sets U, V ⊆ X of a space X, and U ∈ EX,
(a) The map k : EX → X is a θ-continuous, perfect, irreducible, surjection,
(b) U ∈ U iff int(cl(U)) ∈ U iff U ∈ 0U , and thus 0U = 0(int(clU)),
(c) k[0U ] = cl(U),
(d) k←(k(U)) ⊆ 0U iff k(U) ∈ int(cl(U)), and
(e) If B ⊆ EX is compact, then k[B] is Kateˇtov and an H-set.
(f) 0(U ∩ V ) = 0U ∩ 0V and 0(U ∪ V ) = 0U ∪ 0V .
Let b : X → EX be an injective function such that k◦b = idX . That is, for all x ∈
X, b(x) is an open ultrafilter converging to x. Denote the subspace b[X] of EX
by Xb. The space Xb is a section of EX [18] and is an extremally disconnected,
Tychonoff space. We observe that k |Xb : Xb → X is a bijection asX is Hausdorff.
Definition 2.2. For a space X, an open set U , and a section Xb of EX, define
Ûb = {x ∈ X : U ∈ b(x)}.
We give several properties of Ûb in Proposition 2.3. As is indicated in Proposi-
tion 2.3(a), Ûb consists of a special set of closure points x of U having the stronger
property that U is a member of the open ultrafilter b(x). The set Ûb will play a
major role in the construction of the cardinal invariant aL′(X) and in the proof of
our main theorem, Theorem 4.4. In addition, for a space (X, τ), {Ûb : U ∈ τ(X)}
forms a basis for a topology σb onX such that (X,σb) is homeomorphic to the sec-
tion Xb (Proposition 2.5). Furthermore, Proposition 3.4 gives a characterization of
H-closed spaces using sets of the form Ûb. It is this characterization that will give
the cardinality bound 2ψc(X) for H-closed spaces as an immediate consequence of
the general Hausdorff bound given in Theorem 4.4.
Proposition 2.3. Let (X, τ) be a space, U, V open sets, and Xb be any section of
EX. Then,
(a) U ⊆ Ûb ⊆ clU ,
(b) Ûb = k[0U ∩Xb],
(c)
(
Û ∩ V
)
b
= Ûb ∩ V̂b and
(
Û ∪ V
)
b
= Ûb ∪ V̂b ,
(d) X\Ûb = (X̂\clXU)b .
Proof. (a) If x ∈ U , then U is a member of any open ultrafilter converging to
x. Thus, U ∈ b(x) and x ∈ Ûb. This shows U ⊆ Ûb. Suppose x ∈ Ûb. Then
U ∈ b(x). If x ∈ X\clU , then X\clU ∈ b(x) and thus ∅ = U ∩(X\clU) ∈ b(x),
a contradiction. Thus x ∈ clU and Ûb ⊆ clU .
(b) If x ∈ Ûb, then b(x) ∈ Xb, U ∈ b(x), and b(x) ∈ 0U . Since k ◦ b = idX ,
we see that x = k(b(x)), thus x ∈ k[0U ∩Xb]. This shows Ûb ⊆ k[0U ∩Xb]. The
reverse containment is similar.
(c) follows from (b) above and Proposition 2.1(f).
(d) If x ∈ X\Ûb, then U /∈ b(x) and therefore X\clU ∈ b(x). Thus x ∈
(X̂\clXU)b and X\Ûb ⊆ (X̂\clXU)b. The reverse containment is identical. 
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Recall that the semiregularization X(s) of a space X is the (Hausdorff) space
with underlying set X and topology generated by the basis of regular-open sets in
X.
Corollary 2.4. LetX be a space, U ∈ τ(X), and b : X → EX be a section. Then
Xb = X(s)b.
Proof. Note that b : X(s) → EX(s) is also a section and EX = E(X(s)).
By 2.3(b), Ûb = k[0U ∩ Xb] = k[0(intXclXU ∩ Xb] = ( ̂intXclXU)b. Thus,
Xb = X(s)b. 
Proposition 2.5. Let (X, τ) be a space and Xb a section of EX. Then {Ûb : U ∈
τ(X)} is a clopen base for an extremally disconnected, Tychonoff topology σb on
X such that (X,σb) is homeomorphic to Xb.
Proof. The proof follows from 2.3(b) and the fact that k|Xb : Xb → X is a
bijection. 
For a space X and a section Xb of EX, define an operator cb : P(X) → P(X)
by
cb(A) = {x ∈ X : Ûb ∩A 6= ∅ for all U such that x ∈ U ∈ τ(X)}.
We say that A ⊆ X is cb-closed if cb(A) = A.
Recall that for A ⊆ X, we define aL(A,X) as the least infinite cardinal κ such
that if V is a cover of A by sets open in X then there exists W ∈ [V]≤κ such
that A ⊆
⋃
W∈W clW . The almost Lindelo¨f degree of X, denoted by aL(X), is
aL(X,X). The almost Lindelo¨f degree of X with respect to closed sets is
aLc(X) = sup{aL(C,X) : C is closed}+ ℵ0.
It is straightforward to see that aL(X) ≤ aLc(X) ≤ L(X) and that all three are
identical if X is regular.
Definition 2.6. For a section Xb of EX, we define the cardinal invariant aLb(X),
by aLb(X) = sup{aL(C,X) : C is cb-closed} + ℵ0. As aLb(X) depends on the
choice of section Xb, we define the unique cardinal invariant aL′(X) by
aL′(X) = min{aLb(X) : Xb is a section of EX}.
Let Xb′ be any section witnessing that aL′(X) = aLb
′
(X) and define the operator
c : P(X) → P(X) by c = cb′ . We then refer to aL′(X) as the almost Lindelo¨f
degree of X with respect to c-closed sets.
Notation. For an open set U of X, we let Û denote Ûb′ . For A ⊆ X, we let
A′ = b′[A] ⊆ EX. For a point x in a space X, let Ux represent the open ultrafilter
b′(x). In general, throughout this study we will reserve the symbol “U” to represent
a convergent open ultrafilter.
The function c defined above is the main operator in the closing-off argument
used to prove our main result, Theorem 4.4. We give properties of c below. For a
subset A ⊆ X, we also give a characterization of c(A) using EX in Theorem 2.15.
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Proposition 2.7. Let X be a space, and A,B ⊆ X.
(a) A ⊆ c(A).
(b) if A ⊆ B then c(A) ⊆ c(B).
(c) clA ⊆ c(A) ⊆ clθ(A).
(d) if U is open, then clU = c(U) ⊆ c(Û).
(e) if X is regular then clA = c(A) = clθ(A).
(f) If A is c-closed then A is closed.
Proof. (a) If x ∈ A and U is an open set containing x, then x ∈ Û ∩ A by
Proposition 2.3(a).
(b) If x ∈ c(A) then ∅ 6= Û ∩A ⊆ Û ∩B for all open sets U containing x. This
shows x ∈ c(B).
(c) If x ∈ clA, then by Proposition 2.3(a), ∅ 6= U ∩A ⊆ Û ∩A for all open sets
U containing x. Thus x ∈ c(A). And if x ∈ c(A), then ∅ 6= Û ∩ A ⊆ clU ∩ A,
also by Proposition 2.3(a). Thus, x ∈ clθ(A).
(d) As clU = clθU for an open set U , the equality follows from (b). The
containment follows from (a) and Propositio 2.3(a).
(e) As clA = clθA for regular spaces, the result follows from (b).
(f) if A is c-closed and x ∈ X\A, then there exists an open set U containing x
such that ∅ = Û ∩A ⊇ U ∩A. Thus A is closed. 
The following example provides a space X and a subset A such that c(A) 6=
clX(A).
Example 2.8. Consider the Kateˇtov H-closed extension κω of ω with the discrete
topology (cf. Ch 7 in [17]). Recall that κω(s) = βω; that is, βω is the under-
lying set of κω. Also note that κω\ω is discrete and closed. By 9.11 in [7], the
closed set βω\ω contains a copy of βω. That is, there a countable discrete sub-
space A of βω\ω such that βA = βω, in particular, clβωA = βω. Then A is a
closed subset of κω. Let k : βω → κω denote the identity function. βω is an ex-
tremally disconnected, Tychonoff space and the bijection k is perfect, irreducible,
and θ−continuous. By 6.7(a) in [17], EX = βω is the absolute of X = κω with
k : EX → X the absolute map. There is only one injective function b : X → EX
such that k ◦ b = idX . It follows that c(A) = clβω(A). By 9.3 in [7], c(A) has
cardinality 2c; thus, c(A) 6= clX(A) = A. This example also illustrates that there
can be a marked size difference between c(A) and cl(A). 
Observe that for the space X = κω in Example 2.8, we have σb ( τ , where τ
is the topology on X. However, by 5.1(d) in [18], for a regular space X, we have
that τ ⊆ σb. Thus there is no universal containment relationship between τ and σb.
Let X be a space, U ∈ τ(X), and b : X → EX be a section. By 2.3(d), it
follows that Ûb is also closed in σb. The next example shows that Ûb may not be
c-closed.
Example 2.9. Let U and V be distinct free open ultrafilters on ω, i.e., distinct points
in βω\ω. Let αω denote the compactification of ω (discrete topology) where U
and V in βω are identified as the point y. Let X = αω. Then EX = βω and
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k : EX → X is the identity function on EX\{U,V} and k(U) = k(V) = y.
Consider the section defined by the function
b : X → EX : x 7→
{
x x 6= y
U x = y.
For A ∈ [ω]ω, let
oαA = A ∪ {W ∈ βω\{U,V} : A ∈W} ∪
{
∅ A 6∈ U ∩ V
{y} A ∈ U ∩ V
}.
Then {oαA : A ∈ [ω]ω} ∪ {{n} : n ∈ ω} is a base for τ(αω). In particular, a
neighborhood base for y is {oαW :W ∈ U ∩ V}. Also, note that for A ∈ [ω]ω ,
ôαA = oαA ∪
{
∅ A 6∈ U
{y} A ∈ U
.
Let T ∈ V\U. Then y 6∈ ôαT . For W ∈ U ∩ V, y ∈ oαW and ôαW ∩ ôαT ⊇
W ∩ T 6= ∅. That is, c(ôαT ) = ôαT ∪ {y} 6= ôαT . 
In view of Proposition 2.7(f) and the fact that any space is c-closed in itself, we
have the following:
Corollary 2.10. For any space X, aL(X) ≤ aL′(X) ≤ aLc(X) ≤ L(X).
For a space X, we define a cardinal invariant tc(X) related to the tightness
t(X). While tc(X) and t(X) appear to be incomparable, Proposition 2.12 shows
that tc(X) is bounded above by the character χ(X).
Definition 2.11. For a space X, the c-tightness of X, tc(X), is defined as the least
cardinal κ such that if x ∈ c(A) for some x ∈ X and A ⊆ X, then there exists
B ∈ [A]≤κ such that x ∈ c(B).
Note that t(κω) = ℵ0 and tc(κω) = t(βω) = c. This shows that t(κω) and
tc(κω) are not equal.
Proposition 2.12. For any space X, tc(X) ≤ χ(X). If X is regular then tc(X) =
t(X).
Proof. To show tc(X) ≤ χ(X), let κ = χ(X) and let x ∈ c(A). Let N be an open
neighborhood base at x such that |N| = κ. For allN ∈ N there exists aN ∈ N̂∩A.
Let D = {aN : N ∈ N} ∈ [A]≤κ. We show x ∈ c(D). Let U be an open set
containing x. There exists N ∈ N such that x ∈ N ⊆ U . As aN ∈ N̂ ∩ A, we
have N ∈ UaN . As UaN is an open filter, we have that U ∈ UaN and aN ∈ Û ∩D.
This shows x ∈ c(D) and tc(X) ≤ κ. If X is regular then tc(X) = t(X) follows
from Proposition 2.7(e). 
In Theorem 2.15, we give a characterization of c(A) for a subset A ⊆ X in
terms of the absolute EX. This is one of several results below that describe how
c(A) relates to the broader framework of EX.
Let K = {k←(p) : p ∈ X}, where k : EX → X is as in 2.1(a). For A ⊆ EX,
define clKA = A ∪
⋃
{K ∈ K : if K ⊆ 0U for U ∈ τ(X), 0U ∩A 6= ∅}.
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Lemma 2.13. For A ⊆ EX, clXk[A] ⊆ k[clEXA] ⊆ k[clKA] ⊆ clθk[A].
Proof. As k is a closed function, we immediately have that clXk[A] ⊆ k[clEXA].
To show k[clEXA] ⊆ k[clKA], it suffices to show that clEXA ⊆ clKA. Let U ∈
clEXA and K = k←(k(U) ⊆ 0U for some U ∈ τ(X). Then U ∈ 0U and
0U ∩A 6= ∅ as U ∈ clEXA. Thus, U ∈ K ⊆ clKA.
Now, let p ∈ k[clKA] and p ∈ U ∈ τ(X). Then, by Proposition 2.1(d), k←(p) ⊆
0U . So, 0U ∩ A 6= ∅ and ∅ 6= k[0U ∩ A] ⊆ k[0U ] ∩ k[A] ⊆ clX(U) ∩ k[A].
Therefore, x ∈ clθk[A]. 
Lemma 2.14. For A ⊆ EX,
clKA =
⋃
{K ∈ K : K ∩ clθA 6= ∅} =
⋃
k←[k[clθA]] = k
←[k[clEXA]].
Proof. Suppose K ∩ clθA = ∅ for K ∈ K. Then for each U ∈ K , there is UU
such that 0(UU) ∩ A = ∅ and {0(UU) : U ∈ K} is an open cover of the compact
set K . There exists U1, . . . ,Un ∈ K such that
K ⊆
n⋃
i=1
0(UUi) = 0(
n⋃
i=1
UUi),
by 2.1(f). Let U = ⋃ni=1 UUi . As K ⊆ 0(U) and 0(U) ∩ A = ∅, we see that
K ∩ clKA = ∅. Conversely, suppose U ∈ K ∩ clθA and K ⊆ 0(U). Then
U ∈ 0(U) and 0(U) ∩A 6= ∅. Thus K ⊆ clKA. This shows the first equality.
To show
⋃
{K ∈ K : K ∩ clθA 6= ∅} =
⋃
k←[k[clθA]], it suffices to note
that if U ∈ clθA, then k←[k(U)] ∩ clθA 6= ∅ and k←[k(U)] ∈ K. The equality⋃
k←[k[clθA]] = k
←[k[clEXA]] follows as EX is Tychonoff. 
Theorem 2.15. Let X be a space and A ⊆ X. Then c(A) = k[clKA′] =
k[clEXA
′].
Proof. We first show the first equality. Clearly, A ⊆ c(A) ∩ k[clKA′]. Let p ∈
c(A)\A and k←(p) ⊆ 0U where U ∈ τ(X). By 2.1(d), p ∈ int(cl(U)). There
is a ∈ A such that int(cl(U)) ∈ Ua. By 2.1(b), U ∈ Ua ⊆ k←(a). Thus, Ua ∈
0(int(cl(U))) = 0(U). That is, Ua ∈ 0(U) ∩A′. This shows that k←(p) ⊆ clKA′
and p ∈ k[clKA′]. Conversely suppose p ∈ k[clKA′]\A. Let p ∈ U ∈ τ(X). Then
k←(p) ⊆ 0(U) and 0(U) ∩ A′ 6= ∅. There is a ∈ A such that Ua ∈ 0(U). Thus,
U ∈ Ua and p ∈ c(A). This shows that c(A) = k[clKA′].
To show the second equality, note that by Lemma 2.14, we have
c(A) = k[clKA
′] = k[k←[k[clEXA
′]]] = k[clEXA
′].

As the map k : EX → X is always a closed map, we have the following
corollary to Theorem 2.15.
Corollary 2.16. For any space X and every A ⊆ X, c(A) is closed subset of X.
By Theorem 2.15 and Proposition 2.7(c), we also have the following corollary.
We see that Corollary 2.17 is stronger than Proposition 2.7(c) and demonstrates
how c(A) sits between clXA and clθA in terms of the absolute EX.
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Corollary 2.17. Let X be a space and A ⊆ X. Then clXA ⊆ k[clEXA′] =
c(A) ⊆ clθA.
Our next corollary to Theorem 2.15 demonstrates that the c−closure of a subset
of an H-closed space is both Kateˇtov and an H-set. This result should be compared
with Lemma 3.10 which gives different conditions under which a subset of an H-
closed space is an H-set and the result from [11] that the θ−closure of a subset of
an H-closed space is an H-set.
Corollary 2.18. If X is H-closed and A ⊆ X, then c(A) is Kateˇtov and an H-set.
Proof. As c(A) = k[clEXA′] by Theorem 2.15 and since the absolute EX is com-
pact when X is H-closed ([17] 6.9(b)(1)), we have that clEXA′ is compact and
c(A) is Kateˇtov and an H-set by 2.1(e). 
Another consequence of Theorem 2.15 are the following properties of the c-
closure operator and a new characterization of H-closed spaces.
Proposition 2.19. Let X be a space and A,B subsets of X.
(a) If A ⊆ B, then c(A) ⊆ c(B).
(b) c(A ∩B) ⊆ c(A) ∩ c(B).
(c) c(A ∪B) = c(A) ∪ c(B).
Proof. (a) is immediate from 2.15, and (b) follows from (a). For (c), note that
c(A ∪B) = k[clEX(A ∪B)
′] = k[clEX(A
′ ∪B′)′ = k[clEX(A
′) ∪ clEX(B
′)] =
k[clEX(A
′)] ∪ k[clEX(B
′)] = c(A) ∪ c(B). 
Definition 2.20. Let F be a filter base on a space X. We define the c-adherence
of F, denoted as ac(F), as ∩{c(F ) : F ∈ F}. By 2.7(c), it follows that a(F) ⊆
ac(F) ⊆ aθ(F).
We will use the concept of c-adherence to obtain a new characterization of H-
closed spaces in the next result.
Theorem 2.21. Let X be a space. Then X is H-closed iff for every filter base F
on X, ac(F) 6= ∅.
Proof. Let F be a filter base on X. To show X is H-closed, it suffices to show
that aθ(F) 6= ∅. But c(F ) ⊆ clθ(F ) for each F ∈ F and ac(F) 6= ∅. Thus,
aθ(F) 6= ∅. Conversely suppose X is H-closed. Let F be a filter base on X. Then
{clEXF
′ : F ∈ F} is a filter base of compact subsets on EX. Thus, there is
p ∈ ∩{clEXF
′ : F ∈ F}. It follows that k(p) ∈ ac(F). 
In the next section we will develop further connections between the H-closed
property, the operator c, and the set Û for an open set U ⊆ X.
3. H-CLOSED SPACES.
For a space X we define L′(X), a cardinal invariant related to aL′(X), and
show in Proposition 3.2 that it is hereditary on c-closed subsets. The filter charac-
terization of H-closed spaces used in Theorem 2.21 using c-adherence of a filter in
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conjunction with a variation of a method used by Hodel [10] for nets provides a
direct path for proving that the cardinality of an H-closed space X is bounded by
2ψc(X).
Definition 3.1. For a subset A ⊆ X, define L′(A,X) as the least cardinal κ such
that for every cover V of A by sets open in X there exists W ∈ [V ]≤κ such that
A ⊆
⋃
W∈W Ŵ . Set L′(X) = L′(X,X).
Proposition 3.2. LetX be a space. IfA ⊆ X is c-closed, then L′(A,X) ≤ L′(X).
Proof. Let κ = L′(X) and let V be a cover of A by sets open in X. As A is
c-closed, for all x ∈ X\A, there exists an open set Wx containing x such that
a /∈ Ŵx for all a ∈ A. Let W = {Wx : x ∈ X\A}. Then W ∪ V is an open cover
of X. As L′(X) = κ, there exists W′ ∈ [W]≤κ and V′ ∈ [V]≤κ such that
X =
⋃
W∈W′
Ŵ ∪
⋃
V ∈V′
V̂ .
Suppose there exists a ∈ A ∩
⋃
W∈W′ Ŵ . Then there exists W ∈ W′ such that
a ∈ Ŵ , a contradiction. ThusA∩
⋃
W∈W′ Ŵ = ∅ and A ⊆
⋃
V ∈V′ V̂ . This shows
L′(A,X) ≤ κ. 
Corollary 3.3. For any space X, aL′(X) ≤ L′(X) ≤ L(X).
Proof. To show the first inequality, let κ = L′(X), let A be a c-closed subset of X,
and let V be a cover of A by sets open in X. As L′(A,X) ≤ κ by Propostion 3.2,
there exists W ∈ [V]≤κ such that A ⊆
⋃
W∈W Ŵ . By Proposition 2.3(a), we
see that A ⊆
⋃
W∈W Ŵ ⊆
⋃
W∈W clW . This shows aL′(X) ≤ κ. To see that
L′(X) ≤ L(X), just observe again by Proposition 2.3a that V ⊆ V̂ for every
member V of an open cover of X. 
In addition to Theorem 2.21, we obtain another new characterization of H-closed
spaces.
Theorem 3.4. A space X is H-closed if and only if for every open cover V of X
there exists a finite family W ⊆ V such that X = ⋃W∈W Ŵ .
Proof. Let V be an open cover of X and suppose there exists a finite family W ⊆
V such that X =
⋃
W∈W Ŵ . Then, by Proposition 2.3(a), X =
⋃
W∈W clW ,
showing X H-closed.
Suppose now that X is H-closed and let V be an open cover of X. As X is H-
closed, there is a finite family W ∈ V such that X =
⋃
W∈W clW . Suppose by way
of contradiction that there exists x ∈ X\(
⋃
W∈W Ŵ ). Then, by Proposition 2.3(d),
x ∈ X\(
⋃
W∈W
Ŵ ) =
⋂
W∈W
(X\Ŵ ) =
⋂
W∈W
(X̂\clW ).
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Then, X\clW is a member of the open ultrafilter Ux for all W ∈W. It follows by
the finite intersection property that
∅ =
⋂
W∈W
(X\clW ) ∈ Ux.
As this is a contradiction, we see X =
⋃
W∈W Ŵ . 
We have the following immediate corollary of Theorem 3.4.
Corollary 3.5. If X is H-closed then L′(X) = ℵ0.
For the space X = κω in Example 2.8, we note by 3.5 that L′(X) = ℵ0. Yet
L(X) = 2c. Furthermore, since Xb = X(s)b = βω for the section Xb in that
example, it follows that L(X(s)) = ℵ0.
We now present an example of an H-closed space X and a subset A such that
clX(A) 6= c(A) 6= clθ(A) showing that 2.7(c) is the best general result.
Example 3.6. We use Urysohn’s spaceU defined in 1925 to show that the converse
of Proposition 2.7(c) is not true in the setting of H-closed spaces. Let Z denote the
set of all integers with the discrete topology and N denote the subspace of positive
integers. For the set U = N × Z ∪ {±∞}, a subset U ⊆ U is defined to be open
if +∞ ∈ U (resp. −∞ ∈ U ) implies for some k ∈ N, {(n,m) : n ≥ k,m ∈
N} ⊆ U (resp. {(n,−m) : n ≥ k,m ∈ N} ⊆ U) and if (n, 0) ∈ U implies for
some k ∈ N, {(n,±m) : m ≥ k} ⊆ U). The space U is first countable, minimal
Hausdorff (H-closed and semiregular) but is not compact as A = {(n, 0) : n ∈ N}
is an infinite, closed discrete subset. Let k : EU → U be the absolute map from
the absolute EU to U. Let U ∈ k←(∞) such that N × {2} ∈ U; thus, U → ∞.
Let V ∈ k←(−∞) such that N × {−2} ∈ V; thus, V → −∞. For n ∈ N, let
Un ∈ k
←((n, 0)) such that {n}×N ∈ Un; thus, Un → (n, 0). Define b : U→ EU
by b(∞) = U, b(−∞) = V, b((n, 0)) = Un, and for (n,m) ∈ N × Z\N × {0},
b(n,m) = {U ∈ τ(U) : (n,m) ∈ U}. It follows that clU(A) = A and clθ(A) =
A∪{±∞}. By 2.7(c), it followsA ⊆ c(A) ⊆ A∪{±∞}. To show that∞ ∈ c(A),
for n ∈ N, let Tn = (N\{1, 2, · · · , n}) × N. A basic open set containing ∞ is
Tn ∪ {∞}. As {n+ 1} ×N ∈ Un+1 = b(n+ 1, 0), Tn ∈ Un+1 and Tˆn ∩A 6= ∅.
A similar argument shows that −∞ 6∈ c(A). Thus, c(A) = A ∪ {∞} and this
shows that clX(A) 6= c(A) 6= clθ(A). Also, note that both c(A) and clθ(A) are
H-sets. 
Definition 3.7. Let X be a space, κ an infinite cardinal, and A ⊆ X. A is κ-H-
closed if for each open (in X) cover C of A such that |C| ≤ κ, there is a finite
subfamily D ⊆ C such that A ⊆
⋃
D clX(U ∩A)).
We note that in particular, a Hausdorff space X is ω-H-closed iff X is feebly
compact.
We prove the following lemmas. The key lemma is Lemma 3.10, which is of
interest on its own.
Lemma 3.8. Let X be a space, κ an infinite cardinal, and A ⊆ X. If for each
filter base F ∈ [[A]≤κ]≤κ, ac(F) ∩A 6= ∅, then A is a κ-H-closed.
12 N.A. CARLSON AND J.R. PORTER
Proof. Let C be an open cover of A by sets open in X and suppose that C is closed
under finite unions and suppose |C| ≤ κ. For each V ∈ C, assume there is pV ∈
A\cl(V ∩ A). Let BV = {pU : V ⊆ U ∈ C}. For T, S ∈ C, BT ∩ BS ⊇ BT∪S .
Then F = {BV : V ∈ C} is a filter base onA. Thus, there is a point p ∈ ac(F)∩A.
There is T ∈ C such that p ∈ T . Now, BT ⊆ A\cl(T ∩ A) ⊆ X\cl(T ∩ A). By
Propositions 2.7(d) and 2.19(a), using that X\cl(T ∩ A) is open, we have that
p ∈ c(BT ) ⊆ c(X\cl(T )) = cl(X\cl(T )) ⊆ X\T , a contradiction as p ∈ T . 
The small filter base method presented in the above lemma stands in contrast to
the open ultrafilter techniques frequently used in H-closed settings. An immediate
consequence is this corollary.
Corollary 3.9. Let X be a space and A ⊆ X. If for every filter base F on A,
ac(F) ∩A 6= ∅, then the subspace A is H-closed.
Lemma 3.10. Let X be an H-closed space, κ an infinite cardinal, A ⊆ X, and
ψc(X) ≤ κ. If for every filter base F on [[A≤κ]≤κ], ac(F) ∩A 6= ∅. Then A is an
H-set.
Proof. Let G be an open filter that meets A. We can assume that G is maximal with
respect to meeting A. As X is H-closed, there is p ∈ a(G). The goal is to show
that p ∈ A. Assume that p 6∈ A. There is a family V = {Vα : α < κ} of open
neighborhoods of p such that ∩κcl(Vα) = {p}. For each Vα, as p 6∈ cl(X\cl(Vα)),
X\cl(Vα) 6∈ G. There is someGα ∈ G such that (X\cl(Vα))∩Gα∩A = ∅. Thus,
Gα ∩ A ⊆ cl(Vα) and cl(Gα ∩ A) ⊆ cl(Vα). Assume, by way of contradiction,
that A ∩
⋂
cl(Gα ∩ A) = ∅. Thus, {X\cl(Gα ∩ A) : α < κ} is open cover of
A. As A is κ-H-closed by Lemma 3.8, there is a finite set F ∈ [κ]<ω such that
A ⊆
⋃
F cl((X\cl(Gα ∩ A)) ∩ A). There is a G ∈ G such that G ⊆
⋂
F Gα. For
α ∈ F , G ∩ A ⊆ Gα ∩ A implying that X\cl(Gα ∩ A) ⊆ X\cl(G ∩ A) and
(X\cl(Gα∩A))∩A ⊆ (X\cl(G∩A))∩A. Thus A ⊆ cl((X\cl(G∩A))∩A) =
cl(A\clA(G∩A)) implying that A ⊆ clA(A\clA(G∩A)) = A\intAclA(G∩A),
a contradiction as intAclA(G ∩A) ∩A 6= ∅. 
Theorem 3.11. Let X be H-closed, κ an infinite cardinal, and ψc(X) ≤ κ. Then
|X| ≤ 2κ.
Proof. For each x ∈ X, let {V (α, x) : α ∈ κ} be a family of open sets containing
x such that
⋂
κ cl(V (α, x)) = {x}. Let L : P(X) → X be a choice function.
Using transfinite induction, we will construct a sequence {Hα : 0 ≤ α < κ+} of
subsets of X such that for 0 ≤ α < κ+:
(a) H0 = {L(∅)};
(b) if Hβ is defined for β < α, define Hα as follows:
f((
⋃
β<α
Hβ) ∪ {L(X\
⋃
x∈A
cl(V (x, g(x))) : A ∈ [
⋃
β<α
Hβ]
<ω, g : A→ κ}).
Note that |Hα| ≤ 2κ for 0 ≤ α < κ+. Let H =
⋃
{Hα : α < κ
+}. It follows that
|H| ≤ 2κ and f(H) ⊆ H . Thus, H = f(H) and if F ∈ [[H]κ]κ, aH
F
(F) 6= ∅. By
Lemmas 3.8 and 3.10, H is an H-set.
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To show that H = X, assume that q /∈ H . Since ψc(X) ≤ κ, for each x ∈ H ,
there is αx < κ such that q 6∈ clV (αx, x). Using that H is H-set, there a finite
subset A ∈ [H]<ω such that H ⊆
⋃
A cl(V (αx, x)) ⊆ X\{q}. Now choose
α < κ+ such that A ∈ [
⋃
β<αHβ]
<ω
. By (b), L(X\⋃x∈A cl(V (αx, x)) ∈ Hα
and it follows that Hα\
⋃
x∈A cl(V (αx, x)) 6= ∅. This is a contradiction as Hα ⊆
H ⊆
⋃
x∈A cl(V (αx, x)). 
It follows from Theorem 3.11 that the cardinality of an H-closed space is at most
2χ(X). The Dow-Porter result given in Corollary 4.6 now follows, using a proof
similar to the proof of that corollary. We see then two very different proofs of this
result, one using open ultrafilters (which generalizes to a result for all Hausdorff
spaces, Theorem 4.4) and the other using κ-nets [10] which can be reframed in
terms of κ-filters as in Theorem 3.11. We note that in [15], Porter used a different
type of open ultrafilter approach.
We present several examples.
Example 3.12. This example demonstrates that the converse of Lemma 3.8 is false,
i.e., an ω-H-closed space X with a filter base F ∈ [[X]≤ω ]≤ω such ac(F) = ∅.
The space X is Tychonoff; so, ac(F) = aθ(F) = a(F).
Consider the partition {An : n ∈ ω} of ω where each An is infinite. Pick
one point, say an ∈ clβωAn\An. Let B = clβω{an : n ∈ ω}\{an : n ∈ ω}.
We will show that the subspace X = βω\B is ω-H-closed but has a filter base
F ∈ [[X]≤ω ]≤ω such ac(F) = ∅. For n ∈ ω, let Fn = {am : m ≥ n}; thus,
F = {Fn : n ∈ ω} ∈ [[X]
≤ω ]≤ω.
Let x ∈ X. Then, in βω, B ∪ {an : n ∈ ω}\{x} is compact and there are
disjoint open sets U, V in βω such that B ∪ {an : n ∈ ω}\{x} ⊆ U and x ∈ V .
U\B and V \B are disjoint open sets in X such that {an : n ∈ ω}\{x} ⊆ U\B
and x ∈ V \B. If x = am for some m ∈ ω, then Fm+1 ∩ cl(X(V \B) = ∅ and
x 6∈ ac(F). If x 6∈ {an : n ∈ ω}, then F0 ∩ clX(V \B) = ∅ and x 6∈ ac(F). So in
both cases, x 6∈ ac(F) and ac(F) = ∅.
To show that X is ω-H-closed (= feebly compact), it suffices to show that the
Tychonoff space X is pseudocompact by 1.10(d)(2) in [17]. It suffices, by 1Q(6)
in [17] to show that every infinite subset of ω is not closed in X. Let C = {bn :
n ∈ ω} be infinite subset of ω. As clβωAn∩B = ∅ for each n ∈ ω and clβω(An∩
C)\ω 6= ∅ whenever An ∩ C is infinite, it follows that An ∩ C is finite for each
n ∈ ω. Thus, by 4B(6) in [7], {an : n ∈ ω} and C are contained in disjoint
cozero-sets (in an extremely disconnected space) and hence B ∩ clβωC = ∅. It
follows that clβωC\C ⊆ X. 
Example 3.13. The ψ space X is an example of a first countable, Tychonoff, pseu-
docompact space with a filter base F ∈ [[X]≤c]≤c such that ac(F) = ∅. Let
X = ω ∪M where M is a maximal family of almost disjoint infinite subsets of
ω and U ⊆ X is open if A ∈ M ∩ U implies there is a F ∈ ω<ω such that
A\F ⊆ U . It is well-known that X is first countable, locally compact, Tychonoff,
pseudocompact space that is not countably compact and |M| = c.
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For B ∈ [M]<ω , let FB = M\B and F = {FB : B ∈ [M]<ω}. We will show
that such ac(F) = ∅. Let x ∈ X. If x ∈ ω, then {x} is a clopen set disjoint from
M ∈ F. If x = A ∈ M, then if M\{A} ∈ F, then as clX({A} ∪ A) = {A} ∪ A,
clX({A} ∪A) ∩ (M\{A}) = ∅. Thus, ac(F) = ∅. 
For the space U constructed in Example 3.6, the subspace {(n, 0) : n ∈ N} ∪
{∞} is an ω-H-set but not ω-H-closed.
4. A NEW CARDINALITY BOUND FOR HAUSDORFF SPACES.
Proposition 4.1. IfX is Hausdorff and ψc(X) ≤ κ, then for all x ∈ X there exists
a family V of open sets such that |V| ≤ κ and
{x} =
⋂
V =
⋂
V ∈V
clV =
⋂
V ∈V
c(V̂ ).
Proof. Fix x ∈ X. As ψc(X) ≤ κ, there exists a family V of open sets such that
{x} =
⋂
V =
⋂
V ∈V clV and |V| ≤ κ. Suppose y 6= x. There exists V ∈ V such
that y ∈ X\clV . Let W = X\clV and suppose y ∈ c(V̂ ). Then,
∅ 6= Ŵ ∩ V̂ = Ŵ ∩ V = ∅̂ = ∅,
a contradiction. Thus y /∈ c(V̂ ) and {x} =
⋂
V ∈V c(V̂ ). As
⋂
V ∈V clV ⊆⋂
V ∈V c(V̂ ) by Proposition 2.7(c), it follows that
{x} =
⋂
V =
⋂
V ∈V
clV =
⋂
V ∈V
c(V̂ ).

Proposition 4.2. If X is Hausdorff and A ⊆ X, then |c(A)| ≤ |A|tc(X)ψc(X).
Proof. Let κ = tc(X)ψc(X). For each x ∈ c(A), by Proposition 4.1 there exists a
family Vx of open sets such that |Vx| ≤ κ and
{x} =
⋂
Vx =
⋂
V ∈Vx
clV =
⋂
V ∈Vx
c(V̂ ).
As tc(X) ≤ κ, for all x ∈ c(A) there exists A(x) ∈ [A]≤κ such that x ∈ c(A(x)).
Define φ : c(A) →
[
[A]≤κ
]≤κ by
φ(x) = {V̂ ∩A(x) : V ∈ Vx}.
Observe that φ(x) ∈
[
[A]≤κ
]≤κ
. Fix x ∈ c(A). We will show that x ∈ c(V̂ ∩A(x))
for all V ∈ Vx. Let V ∈ Vx and let U be any open set containing x. As x ∈
c(A(x)), there exists a ∈ A(x) such that U ∩V ∈ Ua. Thus, a ∈ Û ∩ V = Û ∩ V̂
and it follows that Û ∩ V̂ ∩ a(X) 6= ∅. This shows x ∈ c(V̂ ∩A(x)). Thus,
{x} ⊆
⋂
V ∈Vx
c(V̂ ∩A(x)) ⊆
⋂
V ∈Vx
c(V̂ ) = {x},
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where the second containment above follows from Proposition 2.7(a). Then {x} =⋂
V ∈Vx
c(V̂ ∩ A(x)). Thus if x 6= y then φ(x) 6= φ(y), and φ is one-to-one.
Therefore, |c(A)| ≤ |A|κ. 
We turn now to our main result, a new bound for the cardinality of a Hausdorff
space X. To establish this bound, we use the set-theoretic Theorem 3.1 from [10].
This theorem generalizes many closing-off arguments needed to prove cardinality
bounds on topological spaces. For reference, we re-state the particular case of this
theorem that is used here.
Theorem 4.3 (Hodel). LetX be a set, κ be an infinite cardinal, d : P(X)→ P(X)
an operator on X, and for each x ∈ X let {V (α, x) : α < κ} be a collection of
subsets of X. Assume the following:
(T) (tightness condition) if x ∈ d(H) then there exists A ⊆ H with |A| ≤ κ
such that x ∈ d(A);
(C) (cardinality condition) if A ⊆ X with |A| ≤ κ, then |d(A)| ≤ 2κ;
(C-S) (cover-separation condition) if H 6= ∅, d(H) ⊆ H , and q /∈ H , then
there exists A ⊆ H with |A| ≤ κ and a function f : A → κ such that
H ⊆
⋃
x∈A V (f(x), x) and q /∈
⋃
x∈A V (f(x), x).
Then |X| ≤ 2κ.
Typically, the operator d used in Theorem 4.3 is either the standard closure op-
erator cl, or in some instances the θ-closure clθ . We use the operator c.
Theorem 4.4. If X is Hausdorff then |X| ≤ 2aL′(X)tc(X)ψc(X).
Proof. Let κ = aL′(X)tc(X)ψc(X). As ψc(X) ≤ κ, for all x ∈ X there exists
a family Wx = {W (α, x) : α < κ} of open sets such that {x} =
⋂
Wx =⋂
W∈Wx
clW . For all x ∈ X and α < κ, set V (α, x) = cl(W (α, x)). We verify
the three conditions in Theorem 4.3, where the operator d is c. The (T) condition
follows immediately as tc(X) ≤ κ, and (C) follows from Proposition 4.2. To verify
(C-S), suppose H 6= ∅ satisfies c(H) ⊆ H . Then, c(H) = H , as H ⊆ c(H)
by Proposition 2.7(a), and H is c-closed. Let q /∈ H . For all a ∈ H , there exist
αa < κ such that q /∈ cl(W (αa, a)) = V (αa, a). Define f : A→ κ by f(a) = αa.
Then {W (f(a), a) : a ∈ H} is a cover of H by sets open in X. As aL′(X) ≤ κ
and H is c-closed, there exists A ∈ [H]≤κ such that H ⊆
⋃
a∈A V (f(a), a). Since
q /∈
⋃
a∈A V (f(a), a), we see that (C-S) is satisfied. By Theorem 4.3, |X| ≤
2κ. 
As aL′(X) ≤ aLc(X) by Proposition 2.10 and tc(X)ψc(X) ≤ χ(X) by Propo-
sition 2.12, we obtain the following Corollary 4.5. This is a slight weakening of the
Bella-Cammaroto bound 2aLc(X)t(X)ψc(X) for Hausdorff spaces. While aL′(X) ≤
aLc(X), it is unclear whether t(X) and tc(X) are comparable for a non-regular
space X, making it unclear whether 2aL′(X)tc(X)ψc(X) and 2aLc(X)t(X)ψc(X) are
comparable.
Corollary 4.5. [Bella/Cammaroto] If X is Hausdorff then |X| ≤ 2aLc(X)χ(X).
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Corollary 4.6. [Dow/Porter] If X is H-closed then |X| ≤ 2ψc(X).
Proof. The semiregularization X(s) ofX is also H-closed, and so by Corollary 3.3
and Corollary 3.5 it follows that aL′(Xs) = ℵ0. Thus, by Theorem 4.4, we have
that
|X| = |Xs| ≤ 2
tc(X(s))ψc(X(s)) ≤ 2χ(X(s)) = 2ψc(X(s)) ≤ 2ψc(X),
where the second equality follows as X(s) is minimal Hausdorff. 
We see then that Theorem 4.4 leads to a common proof of the cardinality bound
2χ(X) for both H-closed spaces and Lindelo¨f spaces simultaneously. We can isolate
the precise property P that both H-closed spaces and Lindelo¨f spaces X share
from which it follows from Theorem 4.4 that |X| ≤ 2χ(X). Property P is the
property that every open cover V of X has a countable subfamily W such that
X =
⋃
W∈W Ŵ . That is, L′(X) = ℵ0. In fact, the weaker property aL′(X) = ℵ0
also suffices.
5. GENERALIZED H-CLOSED SPACES
The standard method of generalizing the concept of H-closed is to use the well-
known cardinality invariant of almost Lindelo¨f – when aL(X) ≤ ℵ0, the space X
is a generalized H-closed space. One of the main goals in this paper is seek gen-
eralized H-closed spaces for which it is possible to obtain a cardinality bound of
X. A space X satisfying a′L(X) ≤ ℵ0 is another generalized H-closed space for
which it is possible to obtain a cardinality bound of X (see Theorem 4.4). We used
the concept of κ-H-closed, another generalized H-closed space, to obtain a cardi-
nality bound of H-closed spaces (see Theorem 3.11). In this section, we examine
three new generalized H-closed concepts with the common goal of obtaining a car-
dinality bound of a space.
Approach I.
The roots of our first generalized H-closed space can be traced back to the fa-
mous 1929 memoir (the Russian version of [1]) and uses a recent characterization
of H-closed spaces by Osipov [14]. Alexandroff and Urysohn proved this property
of H-closed spaces: If X is an H-closed space and A ⊆ X is an infinite subset,
there is a point p ∈ X such that |A| = |A ∩ cl(U)| whenever p ∈ U ∈ τ(X).
Definition 5.1. Let X be a space and A ⊆ X. A point p ∈ X is a Θ-complete
accumulation point of A (we write p ∈ ΘCAP(A)) if whenever p ∈ U ∈ τ(X),
|cl(U) ∩A| = |A|. In particular, clθA = (ΘCAP(A))∪(clθA\ΘCAP(A)).
An exciting new characterization of H-closed spaces using the concept of Θ-
complete accumulation points was established in 2013 by Osipov [14].
Theorem 5.2. [Osipov] LetX be a Hausdorff space and A ⊆ X an infinite subset,
(a) X is H-closed iff for each open cover C of ΘCAP(A), there is a finite
subfamily F ⊆ C such that |A\int(cl(∪F))| < |A|.
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(b) If X is H-closed space , then ΘCAP(A) is an H-set.
We start the process of generalizing H-closed spaces by expanding the notation
ΘCAP.
Definition 5.3. LetX be an H-closed space, κ an infinite cardinal, andA an infinite
subset. Let clκθA denote {p ∈ X : |cl(U) ∩A| ≥ κ for p ∈ U ∈ τ(X)}. Note that
cl
|A|
θ A = ΘCAP(A). If σ is an infinite cardinal and κ ≥ σ, then clκθ (A) ⊆ clσθ (A)
and clωθ (A) is the set of accumulation points of A.
Using a techniques similar to the proof of Theorem 5.2, it is possible to obtain
this result at the κ level.:
Proposition 5.4. Let X be an H-closed space, κ an infinite cardinal, A an infinite
subset, and C an open cover of clκθA. There is a finite subfamily D ⊆ C such that
|A\int(cl(∪D))| < κ.
Proof. Let C be an open cover of clκθA. For p 6∈ clκθA, there is an open set Up such
that p ∈ Up and |cl(Up) ∩ A| < κ. Let O = {Up : p 6∈ clκθA}. As X is H-closed,
there are finite subfamilies D ⊆ C and U ⊆ O such that X = cl(∪D) ∪ cl(∪U).
So, cl(X\cl(∪D)) ⊆ cl(∪U) implying that X\int(cl(∪D)) ⊆ cl(∪U). Since
|(cl(∪U)) ∩A| < κ, it follows that |A\int(cl(∪D))| < κ. 
Definition 5.5. Let X be a space and κ be infinite cardinal. A filter base F on X
is said to be κ−wide if |clθ(A)| ≥ κ for each A ∈ F. A space X is κwH-closed if
for each κ−wide filter base F on X, aθF 6= ∅.
Proposition 5.6. Let X be a space and κ be an infinite cardinal.
(a) The space X is H-closed iff X is ℵ0wH-closed.
(b) Let X be a space and κ be infinite cardinal. X is κwH-closed iff for each
κ−wide open filter base F, aF 6= ∅.
Proof. The proof of (a) is immediate. The proof of (b) follows the known result that
if F is a filter base on a spaceX, then the open filter base G = {U ∈ τ(X) : F ⊆ U
for some F ∈ F} has the property aG = aθF. 
Theorem 5.7. Let X be space and κ an infinite cardinal. The space X is κwH-
closed iff for every subset A ⊆ X where κ ≤ |A| and C is an open cover of clκθA,
there is a finite subfamily B ⊆ C such that |A\int(cl(∪B))| < κ.
Proof. Suppose X is κwH-closed and A ⊆ X where κ ≤ |A| and C is an open
cover of clκθA. For each p 6∈ clκθA, there is p ∈ Up ∈ τ(X) such that |cl(Up)∩A| <
κ. Let E = {Up : p 6∈ clκθA}. Assume, by way of contradiction, that for each finite
subfamily B of C, |A\int(cl(∪B))| ≥ κ.
Claim: F = {X\cl(∪A) : A ∈ [E ∪ C]<ω} is an κ-wide filter base such that
|cl(V )| ≥ κ for each V ∈ F.
Proof of Claim. Let A ∈ [C ∪ E]<ω . Then there are finite subfamilies B ⊆ C and
D ⊆ E such that A = (∪B) ∪ (∪D). It suffices to show that |cl(X\cl(∪A))| =
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|cl(X\cl((∪B)∪(∪D)))| ≥ κ. Note that |cl(∪D)∩A| < κ implies |(X\cl(∪D))∩
A| = |A\cl(∪D)| = |A| ≥ κ. Also, note that |cl(X\cl(∪B))| ≥ κ by the
assumption. We have:
cl(X\cl((∪B ∪ (∪D))) = cl((X\cl(∪B)) ∩ (X\cl(∪D)))
= cl(cl(X\cl(∪B)) ∩ (X\cl(∪D)))
= cl((X\int(cl(∪B))) ∩ (X\cl(∪D)))
⊇ cl((X\int(cl(∪B))) ∩ (A\cl(∪D)))
= cl((A\int(cl(∪B)))\cl(∪D))).
This shows that |cl(X\cl(∪A))| ≥ |cl((A\int(cl(∪B)))\cl(∪D)))| ≥ κ and F is
a κ−wide filter base. 
As X is κwH-closed, there is some p ∈ aF. If p ∈ clκθA, there is U ∈ C such
that p ∈ U . Thus, X\cl(U) ∈ F and p 6∈ cl(X\cl(U)); so, p 6∈ a(F). On the
other hand, if p 6∈ aF, there is U ∈ E such that p ∈ U . Again, X\cl(U) ∈ F, p 6∈
cl(X\cl(U)), and p 6∈ a(F). Hence, a(F) = ∅. This contradicts the hypothesis.
To show the converse, let F be a free κ−wide open filter base on X. Let U ∈ F
such |cl(U)| is minimum. We will apply the condition in the statement of the
theorem to the set cl(U). In particular, |cl(U)| ≥ κ. If p ∈ clκθ (cl(U)), there is
Vp ∈ F such that p 6∈ cl(Vp) and Vp ⊆ U . Then p ∈ X\cl(Vp) and |cl(X\cl(Vp))∩
cl(U)| ≥ κ. Let C = {X\cl(Vp) : p ∈ clκθ (cl(U))}. By the hypothesis of the
converse, there is a finite subfamily B ⊆ C such that |cl(U)\int(cl(∪B))| < κ.
For V = ∩{Vp : X\cl(Vp) ∈ B} ∩ U , note that V ∈ F, cl(V ) ⊆ cl(U) and
V ∩ (∪B) = ∅. It follows that clV ∩ int(cl(∪B)) = ∅. This shows that clV ⊆
clU\int(cl(∪B)). That is, V ∈ F and |clV | < κ, a contradiction. 
As corollaries of Theorems 5.2 and 5.7, we have the following results.
Corollary 5.8. Let X be a space and κ be an infinite cardinal.
(a) The space X is H-closed iff X is κwH-closed for all infinite κ ≤ |X|.
(b) IfX is a κwH-closed space, A ⊆ X such that |A| ≥ κ|, and F is a κ−wide
open filter base on X that meets clκθA, then a(F) ∩ clκθA 6= ∅.
(c) If X is κwH-closed and A ⊆ X such that |A| ≥ κ, then clκθA 6= ∅.
Proof. The proof of (a) is straightforward. To prove (b), let F be a κ−wide open
filter base on X that meets clκθA. Assume that a(F) ∩ clκθA = ∅. Let U ∈
F such |cl(U) ∩ A| is minimum. Note that |cl(U) ∩ A| ≥ κ. If p ∈ clκθ (A),
there is Vp ∈ F such that p 6∈ cl(Vp) and Vp ⊆ U . Then p ∈ X\cl(Vp) and
|cl(X\cl(Vp)) ∩ A| ≥ κ. Let C = {X\cl(Vp) : p ∈ clκθA}. As X is κwH-closed,
there is a finite subfamily B ⊆ C such that |A\int(cl(∪B))| < κ. Now V =
∩{Vp : X\cl(Vp) ∈ B}∩U ∈ F. Also, clV ⊆ clU and V ∩ (∪B) = ∅. It follows
that clV ∩ int(cl(∪B)) = ∅. This shows that clV ⊆ clU\int(cl(∪B)). Thus,
clV ∩A ⊆ (clU\int(cl(∪B)))∩A = (clU ∩A)\int(cl(∪B)) ⊆ A\int(cl(∪B)).
This implies there is a V ∈ F such that |clV ∩A| < κ, a contradiction.
To show (c), assume that clκθA = ∅. For each p ∈ X, there is an open set
p ∈ Up ∈ τ(X) such that |clUp ∩ A| < κ. Then U = {Up : p ∈ X} is an open
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cover of X (and clκθA). There is a finite V ⊆ U such that |A\int(cl(∪V))| < κ.
Let B = A\int(cl(∪V)). Then A ⊆ B ∪ int(cl(∪V)) ⊆ B ∪ cl(∪V). It follows
that A ⊆ B ∪ (∪V ∈Vcl(V )∩A). Thus, |A| ≤ |B|+ΣV ∈V|cl(V )∩A)| < κ. This
is a contradiction. 
The study of κwH-closed spaces is a new approach to understanding the theory
of H-closed spaces by using the width of a filter base. The width is a measure of
the size of the closure of the elements of a filter base.
There is still the question of obtaining a cardinality bound of κwH-closed spaces.
We are able to obtain such a result only for κwH-closed spaces with a dense subset
of isolated points. We start by statinga well-known result that is similar to 4.2.
Lemma 5.9. Let κ be an infinite cardinal and χ(X) ≤ κ. For A ⊆ X, |cl(A)| ≤
|A|κ.
Theorem 5.10. Let κ be an infinite cardinal and X a κwH-closed space with a
dense set of isolated points and χ(X) ≤ κ. Then |X| ≤ 2κ.
Proof. For each p ∈ X, let V (p) = {V (α, p) : α < κ} be an open neighborhood
base at p, and for B ⊆ X and f : B → κ, let V (f,B) =
⋃
p∈B V (f(p), p). Let D
be the set of isolated points of X. If p ∈ D, we let V (α, p) = {p} for all α ∈ κ.
Let H : P(D)→ D be a choice function and A0 = H(∅). We will inductively
define Aα for α < κ+. For α < κ+, suppose Aβ is defined for β < α. Let
Aβ =
⋃
α<β
Aα ∪
⋃
{H(D\V (g,B)) : B ∈ [cl(
⋃
α<β
Aα)]
≤κ, g : B → κ}.
By induction, |Aα| ≤ 2κ; let C =
⋃
α<κ+ Aα. It follows that |C| ≤ 2κ. By
Lemma 5.9, for A = cl(C), |A| ≤ 2κ. As C ⊆ D and is open, we also have that
A = clθ(C). Also, note that as C is an increasing chain over κ+ and χ(X) ≤ κ,
A = cl(C) =
⋃
α<κ+ cl(Aα).
To apply Theorem 5.7, we need to show that |C| ≥ κ. Suppose that |C| ≤ κ. As
C =
⋃
α<κ+ Aα, there is α < κ such that C ⊆ Aα. Let g : C → κ : p 7→ 0. Then
C = V (g,C) and it follows that D\V (C, g) = ∅. Thus, D ⊆ C , |D| ≤ κ, and it
follows that |X| ≤ 2κ and we are done. We are reduced the case when |C| ≥ κ.
To finish the proof of the theorem, we will prove that X = cl(C) = A by
showing that D ⊆ C . Let d ∈ D\C = D\A. For each p ∈ A, there is some
Up = V (αp, p) ∈ V (p) such that d 6∈ cl(Up). Then C = {Up : p ∈ A} is an
open cover of A = clθC ⊇ clκθC; note that clκθC ⊆ X\D. By Theorem 5.7,
there is a finite subfamily B of C such that |C\int(cl(∪B))| < κ. There is a
finite subset F ⊆ A such that B = {Up : p ∈ F}. For U = ∪p∈FUp ∩ D,
C\int(cl(∪B)) = C\U . Define h : C\U ∪ F → κ : p 7→ αp; it follows that
C ⊆ V (h,C\U ∪ F ).
Now, as |C\U ∪ F | < κ and cl(C) =
⋃
α<κ+ cl(Aα), there is some β < κ+,
such that C\U ∪ F ⊆ cl(Aβ). As d 6∈ V (h,C\U ∪ F ), D\V (h,C\U ∪ F ) 6= ∅.
Thus, H(D\V (C\U ∪ F, h)) ∈ Aβ+1 ⊆ C , a contradiction. This completes the
proof that D ⊆ C and finishes the proof. 
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We ask whether the above Theorem 5.10 is true without the hypothesis that X
has a dense set of isolated points.
Question 5.11. If κ is an infinite cardinal and X a κwH-closed space such that
χ(X) ≤ κ, is |X| ≤ 2κ?
Approach II.
The application of κ-H-closed spaces in Theorem 3.11 to obtain a cardinality
bound of H-closed spaces provides another approach to studying H-closed spaces
by using “thin” filter bases where a filter base is a member of [[X]≤κ]≤κ. This
technique is another way of measuring the width of a filter base and provides our
second path in defining generalized H-closed.
Definition 5.12. Let X be a space, κ an infinite cardinal, and A ⊆ X such that
|A| ≥ κ. Define cκ(A) = {x ∈ X : if x ∈ U ∈ τ(X), then |Uˆ ∩ A| ≥ κ}. A
space X is κH ′-closed if A ⊆ X, |A| ≥ κ, and U is an open cover of cκ(A), there
is a finite subfamily V ⊆ U such that |A\∪V ∈V Vˆ | < κ. If |X| < κ, it follows that
X is κH′-closed.
Proposition 5.13. A space X is ℵ0H′-closed iff X is H-closed.
Proof. Suppose X is ℵ0H′-closed. Let U be open cover of X. We can assume
that |X| ≥ ℵ0. Then U covers cℵ0(X). Then there is a finite V ⊆ U such that
|X\ ∪V Vˆ | < ℵ0. By Theorem 3.4, X is H-closed. Conversely, suppose X is
H-closed. Let A ⊆ X such that |A| ≥ ℵ0. Let U be open cover of cℵ0(A). For
each p 6∈ cℵ0(A), there is p ∈ Up ∈ τ(X) such that |Uˆp ∩ A| < ℵ0. Now,
{Up : p 6∈ c
ℵ0(A)} ∪ U is open cover of X. There is a finite B ⊆ X\cℵ0(A) and
a finite V ⊆ U such that X = ∪p∈BUˆp ∪ ∪V ∈VVˆ . Thus, X\ ∪V ∈V Vˆ ⊆ ∪p∈BUˆp
and |A\ ∪V ∈V Vˆ | ≤ | ∪p∈B (Uˆp ∩ A)| ≤
∑
p∈B |Uˆp ∩ A| < ℵ0. This shows that
X is ℵ0H′-closed. 
Proposition 5.14. Let κ be infinite cardinal and X be κH′-closed. Then aL′(X) <
κ.
Proof. Let A be c-closed. If |A| < κ, then aL′(A,X) < κ. So, suppose that
|A| ≥ κ. Let U be open cover of A. For each p 6∈ A, there is p ∈ Up ∈ τ(X)
such that Uˆp ∩ A = ∅. Now, {Up : p 6∈ A} ∪ U is open cover of X. There is a
finite B ⊆ X\A and a finite V ⊆ U such that |X\(∪p∈BUˆp∪∪V∈VVˆ )| < κ. Now,
|A\(∪p∈BUˆp ∪ ∪V ∈VVˆ )| = |A\(∪V ∈VVˆ )| < κ. Thus, there is W ⊆ U such that
|W| < κ and A\(∪V ∈VVˆ ) ⊆ ∪WW ) ⊆ ∪WWˆ ). Therefore, A ⊆ ∪VVˆ ∪ ∪WWˆ
and |V ∪W| < κ. So, aL′(A,X) < κ. 
Definition 5.15. For a space X, define z(X) = inf{κ ≥ ℵ0 : X is κH′–closed}.
By Proposition 5.14 and Theorem 4.4, we have the following two results.
Corollary 5.16. For a space X,
(a) aL′(X)+ ≤ z(X) and
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(b) |X| ≤ 2z(X)tc(X)ψc(X).
Remark. This last corollary is an indication that the concept of κH′-closed is sub-
summed by the theory using c-closure and aL′.
Approach III.
In this third approach to generalized H-closed spaces, we modify the concept
defined in Definition 5.12 in Path II.
Definition 5.17. Let X be a space, κ an infinite cardinal, and A ⊆ X such that
|A| ≥ κ. Define cκ(A) = {x ∈ X : if x ∈ U ∈ τ(X), then |Uˆ ∩ A| ≥ κ}. A
space X is κH ′′-closed if A ⊆ X, |A| ≥ κ, and U is an open cover of cκ(A), there
is a subfamily V ⊆ U such that |V| ≤ κ and |A\ ∪V ∈V Vˆ | < κ. In particular, if
|X| < κ, then X is κH′′-closed.
Using essentially the same proof as the proof of Proposition 5.14, we obtain the
following result.
Proposition 5.18. Let κ be infinite cardinal andX be κH′′-closed. Then aL′(X) ≤
κ.
Definition 5.19. For a spaceX, define z′′(X) = inf{κ ≥ ℵ0 : X is κH′′–closed}.
By Proposition 5.18 and Theorem 4.4, we have the following two results.
Corollary 5.20. For a space X,
(a) aL′(X) ≤ z′′(X) and
(b) |X| ≤ 2z′′(X)tc(X)ψc(X).
Remark. Using Approach III, 5.20(a) is sharper than 5.16(a). However, the price is
that the counterpart to Proposition 5.13 is not true; that is, in the case when κ = ℵ0,
we do not necessarily get H-closed. In fact, any countable space is ℵ0H′′-closed.
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